Introduction
The main purpose of this paper is to survey recent results on partial geometries. It is now twenty years since Bose [1] introduced the concept of a partial geometry in order to study large cliques in strongly regular graphs. Several strong necessary conditions for the existence of strongly regular graphs also have consequences for the existence question for partial geometries. We give the necessary results for strongly regular graphs in Section 2. In Section 3 we define partial geometries and indicate results obtained prior to 1976. For most of the early work on partial geometries we refer to the survey by Thas [27] published in 1977. The recent results are divided into (i) nonexistence theorems (Section 4), (ii) new infinite classes (Section 5) and (iii) sporadic geometries (Section 6).
Strongly regular graphs
A strongly regular graph (notation srg(w, k, X, p)) is a graph (undirected, without loops or multiple edges) on v vertices which is regular with valency k and which has the following two properties :
(i) for each pair {x, y} of adjacent vertices there are exactly A vertices adjacent to x and to y,
(ii) for each pair {x, y} of nonadjacent vertices there are exactly /A vertices adjacent to x and to y.
The complement of a srg(v, k, A, p) is a Bvg(v, I: = v -Jc-1, v-2Jc + + [i -2,v -2Jc + X).
From this we find a necessary condition for the existence of a srg(-y, Ji,%, p), namely f>-2ft + /i-2>0.
(2.1)
Furthermore, a simple counting argument shows that
k(k-X-l) =/*(v-fc-l). (2.2)
We exclude trivial graphs (disconnected graphs and their complements), i.e., we assume
Q<p<k<v-~1. (2.3)
Let A be the (0,1) adjacency matrix of a srg(v, k, X, p). Then A satisfies
AJ =kJ, A 2 + (f.i-X)A + ({jt,-k)I =*pj,
where J is the all-one matrix. A has an eigenvalue k with multiplicity one and two other eigenvalues r, s (r >s) satisfying and they must clearly be integers ; (this is known as the integrality condition).
In fact, iif^g then r and s must b£ integers. The other case (i.e., / = g) is called the half-case. In situations where we need all these parameters of a strongly regular graph we shall list them as srg(v, k, X, p;r,s,f,g). We now state three strong necessary conditions for the existence of a srg(v, k, X, ja). For more details and proofs we refer the reader to [2] , [6] > [7] , [26] . In Section 3 we shall sketch the proof of (2.8).
(Krein conditions)
(r+l)(k+r+2rs) < (Jc+r)(s+l)*, (9 
If the first inequality of (2.5) holds with strict inequality, then (2.6) can be improved to «<*/(/+!>, (
-7)
and similarly for the second inequality of (2.6).
(Glaio bound) If p ¥=s 2 ,p =£s(s+l), then 2(r+l)^s(s+l)(p+l).
(2.8)
Partial geometries
A partial geometry ^g(K,E,T) is an incidence structure with a set 0> of points and a set SH of lines with the following properties (if a point x is incident with a line L we write x e L 9 if x and y are on a line we write w ~y):
(i) each line has K points, (ii) each point is on B lines, (iii) given a line L and a point x §é L, there are exactly T iDoints y e L such that x r^y.
The point grapJi of a partial geometry has the points as vertices aud an edge {x, y} iff x ~y. The point graph of a pg(ÜL, R 9 T) is strongly regular (possibly trivial) with parameters:
The dual of a pg(J£", JS, 3?) is the pg(I2, K, T) obtained by interchanging the rôles of & and 3S.
If an srg has parameters such that it could be the point graph of a partial geometry we call the srg pseudo-geometric and if it is indeed the point graph of a partial geometry we call the srg geometric. A pseudo-geometric srg is not necessarily geometric. Bose [1] The ideas of the proof of (3.2) were extended by Neumaier [24] and after a subsequent improvement by Brouwer this resulted in the claw bound (2.8). We now sketch the proof. Consider an srg(w, k, A, p; r,s,f,g). Let G be this graph. A clique G in G is called a grand clique if 0 is maximal and |0| >l (X+fj,) +l.
An easy counting argument, using the definitions of A and p, shows that each edge of G is in at most one grand clique. The well-known Hoffman bound states that for any clique 0 in G we have |0| < 1+Jcl( -s) =: K and that equality holds iff each point not in 0 is adjacent to T: = /J,/( -s) points of G. The main idea of the proof of (2.8) is to show that certain restrictions on the parameters of G imply that each edge of G is in exactly one grand clique 0 of size K and that each vertex of G is in a constant number R of such grand cliques. This shows that G is geometric and corresponds to pg(iT, R, T). Finally, this is shown to be impossible, either because one of the parameters is not an integer or T > R or because the point graph of the dual partial geometry does not satisfy (2.5) or (2.6). If 8 is a coclique of size c in G and p is adjacent to all vertices in 8, then (p, 8) is called a c-claw. By using the restrictions on the parameters of G and standard counting arguments on the vertices joined to p but not in S it is easy to show that for 1 < c< -s-1 a c-claw can be extended to a (c+l)-claw in many ways and that no ( -s+l)-claw exists. It follows that the vertices which can be added to any ( -s -l)-claw must form a clique. This argument shows that each edge is in a grand clique and the other properties stated above immediately follow from this fact.
The parameters r,s,f, g of the point graph of pg(jBT, R, T) are given
For a pg(if, B, T) the Krein conditions become For the special case T = 1 (generalized quadrangles) the second of these inequalities states that K = 2 or (K-l) 2 ^ R-1. This is known as Higman's inequality (cf. [17] , [27] ). Partial geometries can be divided into four classes:
A pg with 37 = 1 is called a generalized quadrangle, 4. If 1 < T < min {K -1, R -1} then we call the pg proper.
In this survey we do not discuss the first two classes. Nets were introduced by Brack in 1951 (cf. [3] ) and Bose's result (3.2) was inspired by Brack's earlier work on nets [4] (e.g. the idea of grand cliques).
In 1976 Thas [27] wrote a long survey paper about partial geometries. In that paper he described all constructions known at that time for generalized quadrangles (notation: GQ(s ,t) = pg(s +1, t +1,1)) and two infinite classes of proper partial geometries. The parameters are 2 2 ), ( 3 2 , g 3 ), (q-1, q + +1) and their dual sets (here g is a prime power),
For these constructions and several combinatorial characterizations of generalized quadrangles we refer the reader to survey [27] , which has a list of 57 references.
Recent nonexistence results
A. pg(4, 5, 2) does not exist. The smallest value of v for which there exists a pseudo-geometric srg which is not geometric is v = 28. This was shown in 1978 by F. de Olerck [9] . If we take the pairs from {1,2, ..., n} as vertices and join two pairs by an edge iff they have an element in common, we obtain the triangular graph T(n), which is a argil*), 2(n -2),n --2,4). Graphs with these parameters are unique for n ^ 8. For n = 8 there are three other srg's (28, 12, 6, 4) , known as the Chang grapJis (and no others). We give the proof that T (8) is not geometric; the proofs for the other three graphs are similar. If T(S) were geometric, then lines would correspond to 4-cliques, i.e., to partitions of {1, 2, ..., 8} into four X3airs. W.l.o.g. we can take (12)(34) (56) (78) as a line and in fact it is easy to see that w.l.o.g. there is only one choice for the lines through (12) . After that, we have two possible choices for the line through (13) and (24) . Both of them make it impossible to choose the remaining lines through (13).
B. pg(6, 9, 4) does not exist. Clearly, the idea of 4A can be used for any pg(Z, 21 -3,1 -2), where for I ^ 4 we have the additional advantage that the corresponding srg is unique, namely T(2l). Of course, the number of possibilities increases rapidly. A successful search for the case I = 5 will be described in Section 6. In 1983 a similar search was carried out by Lam et al. [21] for the case Z = 6. It took 183 days of computing on a VAX 11/780. No pg(6, 9, 4) was found. This result has an extremely interesting consequence. As we shall see in Section 6, the existence of a projective plane of order 10 with a hyperoval would imply the existence of pg (6, 9, 4) . Therefore no such plane exists and this means that the Steiner system $(3,12,112) does not exist either.
C. pg(4, 7, 1) = GQ (3, 6) does not exist. It is not known whether a srg(76, 21, 2, 7) exists or not but Dixmier and Zara [12] , [13] ( 9 y ^b, and the lines through x and a, resp* y and b meet tr (x, y) at different points. It follows that if p e K x then q e JBT 5-l .. From this we find that (7 -i)^ = (2 +i)n 5^, and hence n 6 = 0. From (iii) we then find n 0 = % = n 7 = 0, n x =4, w 2 = 12, n % = 15, % = 8., (v) Let p GK ± and let 3) <^» « e tr(#, y). From (iv) it iollows that the other two points on the line pz are both in J5C 4 . There are six lines through p not meeting tr(a?, y) and, on each we have a point in JEL 4 by (iv). Since w 4 =8, we see that each point in K x is adjacent to each point in JBT 4 , contradicting p = 7. If -pg(K,K,T) exists and the corresponding srg has the eigenvalue K-T-l with odd multiplicity then 2JST-T-1 is a square.
The special case of generalized quadrangles yields the following necessary condition:
If GQ(s, s) exists and s == 2 (mod 4)> .then J s is a square. The author of this survey has not seen the proof yet. . For a proof we refer to [10] . In [19] Kantor compares a number of constructions of strongly regular graphs, one of which is the above. He shows that, if 2n -1 is composite, at least three nonisomorphic partial geometries with the same parameters can be constructed. He also proves that the partial geometry pg (8, 9, 4) ). In [28] J. A. Thas generalized the construction given above, using hyperbolic quadrics in PG (4A + 3, 3) . Again the construction depends on the existence of spreads. Only for the cases Ji = 0 and Ji = 1 it is known that such spreads exist. The case Ji = 0 leads to a trivial geometry but Ji = 1 gives a new partial geometry pg (27, 28, 18) . At present this is a sporadic example.
New infinite classes of partial geometries

C. New generalized quadrangles GQ (q, q
2 ) with q = p r E= 2 (mod 3). In 1980 Kantor [20] found a new construction for generalized quadrangles with the parameters of known quadrangles and proved that for q > 2 the new quadrangles are not isomorphic to any known ones. The proofs are group-theoretic and quite difficult, but a fairly simple geometric description of the construction is possible.
First, we must give the definition of a generalized liexagon. This is a bipartite graph of valency > 3 and diameter 6 such that for any two vertices x, y with d(x, y) < 6 there is a unique shortest path joining x to y. If we call one of the sets of vertices "points" and the other set "lines" and define incidence by adjacency, we obtain an incidence structure for which there are no m-gons with m < 6 and which has the following property:
If a point x is not on line L and not collinear with any point of L then there is a unique point y on L and a unique point z such that «is collinear with x and with y. One can show that there are numbers s, t such that each line has s +1 points and each point is on t +1 lines (cf. [14] ). It is immediately obvious that properties (i) and (ii) of the definition of a partial geometry are satisfied with K = q +1, R = g 2 +1. To show that T = 1 one must distinguish five types of nonincident point-line pairs. The only ease which causes difficulties is a point of type 4 and a line of type 6 which have distance 6. To complete the proof one needs to know that fche hexagon does not contain four vertices which are pairwîse at a distance 4 and such that the shortest paths joining them are disjoint. For one of a dual pair of hexagons JT(g) this is the case.
6* Sporadic partial geometries
A. pg (5, 7, 3). In Sections 4A and 4B we considered partial geometries of type pg(Z, 2Z -3,1 -2) connected with the triangular graph T(2l). For Z ^ 4 this graph is unique. The classical method for constructing a pg(5, 7, 3) is to take a hyperoval & in PG (2, 8) and delete the points pf 0 from the plane and delete all exterior lines. The remaining set of points and lines (with the usual incidence) is a pg (5, 7, 3). By a computer search such as that described in Section 4B Mathon [23] showed that there are exactly two nonisomorphic pg's (5,7,3), one of which is not derivable from a projective plane.
B. pg (6, 6, 2) . Â partial geometry with K = R = 6 and T = 2 was first constructed by van Lint and Schrijver [22] . We give a description of this geometry which is due to Cameron and van Lint [&] . In Z\ consider the subgroup G generated by (1,1,1,1,1,1 ). For each coset a+G, the sum of the coordinates of the points is a constant i. We say that the coset is of type i. Let ja^ be the set of cosets of G of type i. We define a tripartite graph F by joining the coset a + G to the coset a + b + G for each b which has only one nonzero coordinate. Clearly, any element of sé i has six neighbours in j/ i+ i and six in ^+ 2 . We can construct our partial geometry by taking some J^ as point set and one of the two other classes ^ as line set. Incidence corresponds to adjacency. That K = J2 = 6 is clear. It is also an easy exercise to show that T = 2.
C. pg(5, 18, 2), The most interesting of the sporadic partial geometries was found by Haemers in 1981 [15] . In order to describe it we must first present a useful description of the well-known Hoffman-Singleton graph [18] (abbreviated to Ho-Si). Let 0 be the set of 15 points of PG (3, 2) and let D be the set of 35 lines of this geometry. It is known that D can be identified with the triples from {1, 2,..., 7} in such a way that intersecting lines correspond to triples with one element in common. If we consider the 30 Steiner triple systems on {1, 2,..., 7} and call two of them equivalent if they have exactly one triple in common, then we obtain two equivalence classes of fifteen triple systems. One of them corresponds to the points of PG (3, 2) , the other to planes (both being represented by seven mutually intersecting lines). We now define a graph on the vertex set OuD by joining an element of G to an element of D if the point is on the line and by joining two elements of D if the corresponding triples are disjoint. We claim that this is the Moore graph srg(50, 7,0,1), i.e., Ho-Si. All verifications are trivial except showing that there is a unique line adjacent to both elements of a non-adjacent point-line pair. This, however, follows from the fact that if {a, b, c} is not in a STS(7) then the triple system contains exactly one triple disjoint from {a, b, c}.
Haemers 5 construction of pg(5,18, 2) starts from the observation that one can construct G = srg(175, 72,20, 36) by taking the edges of Ho-Si as vertices and joining two of these vertices if the edges have distance 2 in Ho-Si (i.e., the edges are disjoint and there is a unique edge joining them). We do not prove this (but it is easy).
The graph G is a nice example of the difficulties one usually encounters in trying to show that a pseudo-geometric srg is geometric. We have to find 630 lines of size 5, i.e., 630 5-cliques in G. First observe that two edges of Ho-Si which correspond to an edge in G define a unique pentagon in Ho-Si. Hence, we must find sets of five edges in Ho-Si which are pairwise in a pentagon. This implies that the five edges induce a Petersen subgraph (i.e., T(6)) in Ho-Si. In fact, a line of the geometry we must construct corresponds to a matching in a Petersen subgraph of Ho-Si. Now, Ho-Si contains 525 Petersen graphs and each of these has six matchings. We need only 630 lines, i.e., we must choose in some way a set of 105 'special? Petersen graphs in Ho-Si, such that each pentagon of Ho-Si is in a unique special Petersen graph. This is the point where real ingenuity enters the proof.
Observe that a pentagon in Ho-Si cannot contain more than two points of G and then an elementary counting argument shows that there are 630 pentagons with one point in G and 630 pentagons with two points in 0. Call these two sets of pentagons 9 X and ^2 • The next steps are proved by using the fact that our description of Ho-Si shows that A 7 is an automorphism group fixing the set G. It acts transitively on both 0> x and 0> 2 . Let P 2 be a pentagon in SP 2 containing the vertices x, y from G. Then it contains the vertex corresponding to the line L through x and y in PG (3, 2) . If z is the third point on this line, then there is a unique Petersen graph in Ho-Si containing P 2 and the edge {L, z}. This then determines a unique pentagon P x in 0> x containing the vertex z. We define rc by P x : = n;P 2 . Using our representation of Ho-Si one easily checks that % is one-to-one. Kbw we are done. The Petersen graphs P 2 \jnP 2 are called special. By inspection we see that each of them arises in six different ways from the above construction. Hence, there are 105 special Petersen graphs and every pentagon is in exactly one of them.
Since G is strongly regular and we have found the right number of lines for a pg(5, 18, 2), we are done (by a well-known theorem).
Calderbank and Wales [5] have shown that this geometry can be described in terms of the 176 octads in a Steiner system 8(5, 8, 24) that contain a given point P and do not contain a given point Q. A third description uses 175 subgroups of J. 7 .
